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Abstract. In this article we characterize the envelope of holomorphy for the algebra of 
bounded type holomorphic functions on Riemann domains over a Banach space in terms 
of the spectrum of the algebra. We prove that evaluations at points of the envelope 
are always continuous but we show an example of a balanced open subset of Co where 
the extensions to the envelope are not necessarily of bounded type, answering a question 
posed by Hirschowitz in 1972. We show that for bounded balanced sets the extensions are 
of bounded type. We also consider extensions to the bidual, and show some properties of 
the spectrum in the case of the unit ball of £ p . 



Introduction 



In this note, we consider the problem of extending holomorphic functions of bounded type 
■^j- ■ defined on an open subset U of a Banach space, to larger domains. We are particularly 

interested in determining the largest open set to which all those functions extend uniquely. 
. As it could be expected, to properly pose and study the problem, we must expand our 

^ . investigations to the Riemann domains framework. Our problem translates, then, to the 

characterization of the envelope of holomorhpy of a Riemann domain modeled on a Banach 
space, with respect to the algebra of analytic funcions of bounded type. Loosely speaking, 
if X is a Riemann domain over the Banach space E, the fz^-envelope of holomorphy of X is 
the largest Riemann domain (over E) "containing X" to which every holomorphic function 
of bounded type on X has a unique extension. 

When we turn back to our original motivation and start with an open set U C E, we 
want to find out conditions on U that ensures its envelope to be also an open subset of E 
(in this case, the envelope is said to be schlicht or univalent). In this context, we will show 
in Corollary 12.31 that, if U is a balanced open subset of a symmetrically regular Banach 
space, then its envelope of holomorphy is univalent and has a simple description. 

We are also interested in alternative definitions of the envelope of holomorphy, that takes 
into account that we are dealing with functions of bounded type: largest Riemann domains 
to which every function of bounded type uniquely extend and such that the extensions are 
also of bounded type, or, at least, such that the extensions have some additional properties 
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other than holomorphy. We show that extensions to the envelope are not necessarily of 
bounded type, answering a question of Hirschowitz |12t Remarque 1.8]. We also consider 
extensions from U C E to open subsets of the bidual of E, and present some interesting 
properties of the spectrum of the algebra of functions of bounded type. 

In the theory of several complex variables, where every holomorphic function is of 
bounded type, the envelope of holomorphy can be described in terms of the spectrum 
of the algebra H{X) of all analytic functions on A. In the infinite dimensional setting, 
most of the study was done for the space of all holomorphic functions, on open subsets of 
Banach and more general locally convex spaces (see, for example, |X3|, [Hfl [T5| 117]). The 
study of the spectrum of the algebra of holomorphic functions of bounded type on a Banach 
space was initiated in 1991 by Aron, Cole and Gamelin in their seminal article pp. Aron, 
Galindo, Garcia and Maestre showed in [3] that if U is an open subset of a symmetrically 
regular Banach space then the spectrum of the algebra of bounded type analytic functions 
on U admits an analytic structure as a Riemann domain over the bidual. In [10], Dineen 
and Venkova extended the work in [3] to the Riemann domain framework and studied some 
properties of the extension of bounded type functions to the spectrum. They were par- 
ticularly interested in the question if the spectrum is a i/^-domain of holomorphy. Our 
approach differs from theirs but we will make use of this analytic structure throughout the 
article. Before going on with the description of this work, let us give some definitions and 
fix some notation. 



Throughout this paper E and F will be complex Banach spaces. We denote by V n (E) the 
Banach space of all continuous n-homogeneous polynomials from E to C, and by V(E) the 
class of all polynomials. If U is an open subset of E, a holomorphic function / : U — > C is of 
bounded type if it is bounded on [/-bounded sets (i.e., bounded subsets that are bounded 
away from the boundary of U). We denote by Hb(U) the space of all analytic function of 
bounded type. If (X,p) is a Riemann domain over E (i.e. X is a Hausdorff topological space 
and p : X — > E a local homeomorphism) then A C X is A-bounded if p(A) is bounded 
and distx(A) = \ni{distx{x) : x G A} is positive (here distx(x) is the supremum of 
{r > : there exists a neighborhood V of x with pi y an homeomorphism onto B(x,r)}). 
The definition of Hb(X) is then analogous. The space Hb(X) is a Frechet algebra when it is 
considered with the topology of uniform convergence on A-bounded sets. It is known that 
for balanced open sets U, polynomials are dense in H^iU) (see for example |144 Theorem 
7.11]). 

We will denote by Mj,(A) the spectrum of the algebra fl&(A), that is, the set of all non- 
zero continuous, linear and multiplicative functionals on H^X). Thus, for each ip G M^(A) 
there exists an A-bounded set B such that </>(/) < sup^g^ for all / £ Hf,(X). In 

this case, we will write p -< B. By a fundamental sequence of X -bounded sets we will mean 
a sequence {j4 n }n of A-bounded subsets such that if B is another A-bounded subset, then 
there exists uq such that B C A no . We denote X n := {x G A : distx(x) > - and < 
n}. Note that {A n }„ is a fundamental sequence of A-bounded sets. 
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For the case X = U C E, it is possible to define an application ir : M^{U) — > E" by 
7r(y>) = { P\ E ,- If E is symmetrically regular, this mapping it provides the local homeomor- 
phism that makes M{,(U) a Riemann domain over E" [3]. For a general Riemann domain 
(X,p), the mapping 7r : Mj,(X) — > £/' is defined by 7r(y)(7) = y(7 op), and the analytic 
structure is analogous [10] . Functions in Hf,(X) naturally extend to M&(X) by the Gelfand 
transform, and it is shown in [3J and |lL)j that this extension is analytic. In the case of 
entire functions of bounded type (i.e., the case U = X = E) these extensions were shown 
to be of bounded type on each connected component of the spectrum [9l Section 6.3], but 
we will see that the extensions are not necessarily of bounded type on the whole spectrum. 
We refer the reader to the already mentioned articles [3J and [10] for a description of the 
analytic structure of M^iU) and M(,(X) (see also [5j), and to the books by Dineen [9] and 
Mujica [13] for a more extensive treatment of infinite dimensional holomorphy. 

In the first section we study the i^-envelope of holomorphy of a Riemann domain. 
We also consider two alternative definitions of the envelope: the first one requires that 
extensions be also of bounded type (we call it the i^-i^-envelope). The second one requires 
that, at least, evaluations on points of the envelope be continuous functionals on H^X) (we 
call this one the strong i^-envelope) . Although the spectrum is known to have an analytic 
structure only in the symmetrically regular case, we are able to give a characterization 
of the strong i^-envelope of holomorphy of X as a subset of the spectrum M(,(X), much 
in the spirit of the several complex variables theory, for domains over arbitrary Banach 
spaces. We show that the -H^-envelope and the strong ^-envelope coincide, and that the 
Hfy-Hfj-envelope may fail to exist (this fact is actually shown in section 2). Whenever it 
exists, the ^-^-envelope must also coincide with the classical -ffb-envelope. In the second 
section we study extensions of holomorphic functions of bounded type on an open subset 
of E. We give a precise description of the i^b-envelope of a balanced open set U, which 
turns out to be a (possibly larger) open subset of E. We prove some good properties of 
the extensions of functions of Hb(U) to the envelope. However we see that these extensions 
may fail to be of bounded type, thus answering a question posed by Hirschowitz in 1972 
|12j . This also shows that the canonical extension of a function of bounded type to the 
spectrum of Hb(U) is not necessarily of bounded type. We also consider the holomorphic 
convexity of U in terms of its ii^-envelope and apply these concepts to study ^-domains 
of holomorphy. In section 3 we study extensions of functions on U to open subsets of 
E", with particular interest on the Aron-Berner extension [JJ. For a balanced subset U 
of a symmetrically regular Banach space E, we describe the largest open subset of E" to 
which there exists Aron-Berner extensions of functions in Hb(U) (this could be seen as the 
envelope of U in the context of Dineen and Venkova's work [10]). In section 4 we consider 
Banach spaces for which finite type polynomials are dense in Hb(E). When they are also 
reflexive, they are called Tsirelson-like spaces following |19] . We characterize the density 
of finite type polynomials in terms of the spectrum of Hf,(U) (more precisely, in terms of 
the projection of the spectrum on E" , ir(Mb(U))). We also show that Tsirelson-like spaces 
are precisely the spaces where the holomorphic convexity of some U is equivalent to all the 
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elements of the spectrum being evaluations on points in U, extending some results of |16j 
and [19]. This means that Tsirelson-like spaces are the only spaces that behave as in the 
several complex variables theory. We also give a Banach-Stone type result which improves 
some results in |19j and [S]. In the last section we present some properties of the spectrum 
of Hb(U), somehow extending the study of [3] and [5]. In the case U = E, it was shown 
in [21 Section 6.3] that bounded type entire functions extend to holomorphic functions on 
the spectrum Mf,(E) which are of bounded type on each sheet. We prove, in contrast, 
that in most cases there are polynomials whose extensions are not of bounded type on the 
whole Riemann domain Mb(E). Then we concentrate in the case U = B# to show that 
the structure of the spectrum in not what one may expect from the case U = E, with E 
a symmetrically regular Banach space. In the latter case, Mf,(E) is the disjoint union of 
copies of E" . However, we show that Mj>(-Bg p ) is not a disjoint union of "unit balls". For 
p G N, we also define a distinguished spectrum to where the canonical extensions are of 
bounded type and which turns out to be a ii^-domain of holomorphy. 



1. Envelopes of holomorphy 

In this section we obtain a characterization of the envelope of holomorphy for the func- 
tions of bounded type on a Riemann domain. 

Let us recall the definition of extension morphism and envelope of holomorphy for a 
family of holomorphic functions (see, for example, |14t Chapter XIII]). If (X,p), (Y,q) are 
Riemann domains spread over a Banach space E. A morphism is a continuous mapping 
r : X —* Y such that qor = p. Let T be a subset of H(X), then a morphism r : X — > Y is 
said to be an T — extension of X if for each / E T there is a unique / € H(Y) such that 

f°T = f. 

x ►y 

E 

A morphism r : X — > Y is said to be an T — envelope of holomorphy of X if r is an T- 
extension of X and if for each ^"-extension of X, v : X — > Z, there is a morphism u : Z — > Y 
such that n o v = r. As we have already mentioned, the envelope of ^"-holomorphy of X 
can be thought as the largest Riemann domain Y to which every / E T has a unique 
holomorphic extension. 
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Regarding holomorphic functions of bounded type, the iJ^-envelope of holomorphy was 
constructed, for example, by Hirschowitz in [12]. For general families of functions the 
existence of the ./-"-envelope of holomorphy can be seen in Chapter XIII]. 

The functions of bounded type form a class of functions that can be defined on any 
Riemann domain, and that has a topology different from the space of all holomorphic func- 
tions. These two facts may arise some concerns about the proper definition of envelope of 
holomorphy. For example, it may be more natural to consider the largest Riemann domain 
to which every / £ Hb(X) has a unique holomorphic extension which is of bounded type. 
Or the largest Riemann domain Y to which every / £ Hfj(X) has a unique holomorphic 
extension, so that evaluating the extensions on elements of Y are continuous homomor- 
phisms on H^X). Note that in several complex variables, the envelope of holomorphy may 
be identified with the spectrum. If we expect to obtain something similar, evaluations in 
elements of the envelope must be continuous. This motivates the following definition: 

Definition 1.1. Let (X,p), (Y,q) be Riemann domains spread over a Banach space E and 
let T C H{X) be a topological algebra. A morphism r : X —* Y is said to be a strong 
J- -extension of X if for each f E J- there is a unique f € H{Y) such that f or = / and 
for each y &Y, the mapping f E J- ~* f{y) belongs to the spectrum of J- . 

The morphism r : X — > Y is said to be a strong J- -envelope of holomorphy of X if t 
is a strong T -extension of X and if for each strong T -extension of X, v : X — » Z , there is 
a morphism \x : Z -^Y such that u o \x = r. 

Now, for the first concern on the extensions being of bounded type (which is probably 
more natural), we set: 

Definition 1.2. Let (X,p), (Y,q) be Riemann domains spread over a Banach space E and 
let J- C H(X), Q C H(Y). A morphism r : X — > Y is said to be an T-Q-extension of X if 
for each / £ T there is a unique / € Q such that / o r = /. 

For the particular case of T and Q being the spaces of holomorphic functions of bounded 
type on X and Y, we define: 

Definition 1.3. Let (X,p) be a Riemann domain spread over a Banach space E. A 
morphism r : X — > Y is said to be an H^-H^- envelope of holomorphy of X if r is an H^- 
Hb~ extension of X and if for each i^-i^-extension of X, v : X — > Z, there is a morphism 
fx : Z — » Y such that v o /i = r. 

Finally, we say that a Riemann domain (X, p) is a ^-domain of holomorphy if it coincides 
with its -f/fe-envelope of holomorphy. 

It is easy to see that the envelope of holomorphy is, whenever it exists, unique up to an 
isomorphism. Also, the last definition can be generalized to pairs of classes of functions 
that are defined in any Riemann domain. It is not clear that any of these variants of the 
^-envelope of holomorphy should necessarily exist. Note that the classical ^- enve l°P e 
exists just because it can be constructed 

As we have mentioned in the introduction, the concept i?b-extension morphism intro- 
duced by Dineen and Venkova in [10] is different from ours. The main difference is that in 
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our case, the envelope of a Riemann domain over E is also modeled on E, while theirs is 
modeled on E" (just as the spectrum |3j). The reasons of our choice is that we want to 
preserve the uniqueness of extensions, as in the finite dimensional setting, and this cannot 
be achieved if we allow domains on E" . Also, if we want to define domains of holomorphy 
as those domains that coincide with their envelopes, we need both of them to be modeled 
over the same space. However, since extensions to the bidual are crucial in the theory of 
analytic functions of bounded type, we will devote a section to this kind of extensions. 

Now we characterize the strong ^-envelope for a symmetrically regular E, and show 
that in this case ^-envelope and the -H^-envelope of X are actually the same. In the next 
section, we will show that even for balanced open subsets of E, the -f^-f^-envelope of 
holomorphy may fail to exist. It does exists if the balanced open subset is also bounded. 

As usual, the spectrum of the algebra under consideration plays a crucial role in the study 
of the envelope of holomorphy. A complex Banach space E is said to be (symmetrically) 
regular if every continuous (symmetric) linear mapping T : E — > E' is weakly compact. 
Recall that T is symmetric if Tx\(x2) = Tx2(x\) for all x\, xi G E. The first steps towards 
the description of the spectrum M b {E) of H b (E) for a symmetrically regular Banach space 
E were taken by Aron, Cole and Gamelin in their influential article [lj. In [31 Corollary 2.2] 
Aron, Galindo, Garcia and Maestre gave M b (U) a structure of Riemann analytic manifold 
modeled on E" , for U an open subset of E. For the case U = E, M b (E) can be viewed as 
the disjoint union of analytic copies of E", these copies being the connected components 
of M b (E). In [9, Section 6.3], there is an elegant exposition of all these results. The study 
of the spectrum of the algebra of the space of holomorphic functions of bounded type 
was continued in pjj. The analytic structure of M b (X) for X a Riemann domain over a 
symmetrically regular Banach space E was presented in [10] . The resulting structure for 
Riemann domains is rather analogous to that of open subsets of E. 

Note that if E is symmetrically regular the spectrum M b (X) is modeled on E" and for 
the envelope we require a Riemann domain over E. Next lemma shows that this issue can 
be fixed for an arbitrary Banach space. 

Lemma 1.4. Let (X,p) be a Riemann domain spread over a Banach space E. Then 
(tt^ 1 (E),tt) C (Mf,(X),7r) is a Riemann domain spread over E. 

Proof. Let tp G 7r _1 (£'). If E is symmetrically regular, then by the analytic structure of 
the spectrum ([3] or [10]), there exist 5 > such that ir is an homeomorphism from {<p z : 
\\z\\ E " < 5} C M b (X) to B E u{ir{ip),8) if z G E", \\z\\ < 6, then <p z G M b (X). Moreover, 
Tr((p z ) = vr(<^) + z. Thus if x G E then ip x G tt^ 1 (E) and ir is a local homeomorphism 
between tt~ 1 (E) and E. 

In [3], [10] symmetric regularity is used to ensure that the Aron-Berner extension of 
every symmetric multilinear form is symmetric. But since we restrict to (tt~ 1 (E), it), we 
can define tp x as 
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and thus we will not make use of the Aron-Berner extension at any moment. Therefore 
repeating the proofs of [3] or [TO] we obtain our result for an arbitrary Banach space E. □ 

Now we are ready to give the characterization of the strong ^-envelope of holomorphy, 
which is very similar to that of several complex variables, especially if E is reflexive: 

Theorem 1.5. Let (X,p) be a connected Riemann domain spread over a Banach space E 
and let Y be the connected component of ir~ 1 (E) C M^(X) which intersects 5(X). Then 
5 : (X,p) — » (Y,ir), 5(x) = S x is the strong H^-envelope of X. 

Proof. The fact that 5 : (X,p) — > (Y, ir) is an fl&-extension can be proved as in [10\ Propo- 
sition 2.3]. 

Let t : (X, p) — > (Z, q) be a strong ^-extension morphism. We must show that there is 
a morphism v : Z — > Y such that v o r = 5. 

Since / G H^X) f{z) is in Mf,(X) for every z G Z (/ the extension of / to Z), there 
is a well defined mapping 

1/ : Z -> M 6 (X) 

K^)(/) = /», 

for / G za. 

Moreover i'(Z) C 7r -1 (i£), indeed, if z £ Z and 7 GB' then 

(1) vr(^(z))(7) =iy(z)( 7 op) = (7op)~(z) = 7 (g( z )). 

Thus n{v(z)) = q(z) which belongs to E. 

Note that ([1]) also proves that ttov = q. Therefore in order to prove that v : Z -> vr" 1 ^) 
is a morphism it remains to show that v is continuous. 

For each zq G Z let Vz be a open neighborhood such that q\ : T4 — > (/(V^) is a 
homeomorphism. If we prove that 

(2) v{(q w J- 1 (q{z )+x))=v{z Q r, 

for every x G E with sufficiently small norm, we will have showed that v is continuous, in 
fact ([2]) implies that v is a local homeomorphism. 
Let / G H b (X) then 

v((q lvzo )-Hq(zo)+x))(f) = f{(q K r\q(z )+x)) = ^ - ^ ° ^ ] (g(*b))(*) 

n>0 

= E^f( z o)(x), 

n>0 



and 



f An f N / rl n f \ ~ 

^of(/) = E^o)(^r(-)(-)) =E(^f(-)(-)) («>)• 

n>0 n>0 



Therefore it suffices to prove that 

(3) (-£(•)(*)) (^o) = -f(^o)(^), 

V n! / n! 
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for every n > and every / G H^X). 

Let x E E. By [3, p.550] and pH Corollary 7.18] 

d n f 

*(■) = ^f(-)(x) 6 
n! 



and 



n! 



Moreover, h is an extension of g to Z. Indeed if y & X and (V^,p) is a chart of y such that 
(y T ty\,q) = (T(V y ),q) is a chart of r(y), then 

fc(nv)) = - { {q\ny))){x) = - {p{y)){x) 

d n f 

= —r[y)&)=9(y), 

where (*) is true because / o {q\v T ( y) )~ l = f ° (pWy)^ 1 since r is an i^-extension. 

Since (4jt(')( x )) * s a ^ so an extension of g to Z, we must have that h = (^^f (OO^)) • 
Therefore we have established (|3j) for every n > 0. 

To conclude the proof just note that Z is connected since X is, and thus v : Z — > Y is a 
morphism. □ 

We will denote by (£&(X),7r) the strong fffo-envelope of holomorphy of X. 
When E is reflexive, the envelope of i^b-envelope resembles the envelope of holomorphy 
for Riemann domains in several complex variables: 

Corollary 1.6. Let (X,p) be a connected Riemann domain spread over a reflexive Banach 
space E. Then the strong H^- envelope of X is the morphism 5 : X — > Y , 5(x) = 5 X , where 
Y is the connected component of M^X) which contains $(X). 

Now we show that our definition of strong ii^-envelope, coincides with the classical 
definition of ^-envelope: 

Theorem 1.7. Let (X,p) be a connected Riemann domain spread over a Banach space E. 
Then the H^-envelope and the strong H^-envelope of X coincide. 

Proof. Denote by (£(X),q) the ii^-envelope of X. Then there are a strong ii^-extension 
r : X — > £b(X), an ^-extension a : X — > £(X) and a morphism v : £b(X) — > £(X) such 
that a = v o r. 



Let us see that ^(£f,(X)) is closed in £{X). Suppose that y G z/(£f,(X)) \ z/(£;,(X)). Let 
W n = {if G fftpf) : <p -< X n }. Then by [3] (see also [EJ Proposition 1.5]), dx(W n ) > ±. 
Therefore we can get a subsequence of integers (njt)fc and a sequence (yfc)fc C £b(X) such 
that j/fc G W nk+l \ W nk and y& — > y. Thus there are functions G Hf,(X) such that 
ll/fcllx njfe < ^ and l/fc(yfe)l > fc + Ej=i l/j(yfc)|- Then the series Y^Lifj converges to 
/ G H b (X) and moreover ( /j j (y fc ) = J]^=i /j(?/fc) because y fc belongs to £ b (X) 
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and thus 5 Vk is a continuous homomorphism. Therefore 

oo oo fe— 1 oo 

\f{Vh)\ = (Vfc) = \^Zh(Vk) > \fk(Vk)\ - \^2fj(yk) - I Yl h( yk 

3=1 3=1 3=1 j=k+l 



>k-l, 



so we have that \f{yk)\ — * oo and then / cannot be extended to y. This is a contradiction 
since y belongs to the i^-envelope of X, £{X). Thus z/(£&(X)) is closed in £(X). 

On the other hand is open in £(X) because v is a morphism. Therefore 

u(S b (X)) = £(X). □ 

Corollary 1.8. Let (X,p), (Y,q) be connected Riemann domains spread over a Banach 
space E and suppose that the morphism u : X — > Y is an H^- extension. Then r is an 
strong H^- extension. 

Proof. Let r : X —* S(X) be the morphism into the envelope of X. By Theorem 11. 7| 
£(X) = £f,(X), and thus the evaluation at each point of £{X) is an i/fc(X)-continuous 
homomorphism. 

On the other hand, there exist a morphism fj, : Y — * £{X) such that /x o v = r. Thus 
the evaluation at a point y € V coincides with the evaluation at fj,(y) and therefore it is 
i75(X)-continuous. □ 

Theorem 11.71 savs that the envelope is contained in the spectrum. In other words, evalu- 
ations on elements of the envelope are always continuous. Of course, the coincidence of the 
strong and the classical ^-envelopes also allows us to give a characterization of the latter: 

Corollary 1.9. Let (X,p) be a connected Riemann domain spread over a symmetrically 
regular Banach space E and let Y be the connected component ofir~ 1 (E) which intersects 
5(X). Then 5 : (X,p) — » (Y,ir), 5(x) = 5 X is the H^-envelope of X. 

The following result is widely known and follows from a straightforward connectedness 
argument (see, for example, [U Proposition 1.3]). 

Lemma 1.10. Let (X,p), (Y,q) be connected Riemann domains spread over a Banach 
space E and let u,v : X — > Y be morphisms. Suppose that X is connected, then either 
u{x) = v(x) for every x € X or u(x) ^ v(x) for every x G X . 

Theorem 1.11. Let (X,p) be a connected Riemann domain spread over a Banach space 
E. If the Hb-Hfr-envelope of X exists, then it coincides with the H^-envelope £b(X) of X. 

Proof. Let (Y,r) be the i^-i^-envelope of X. We put V n = 5(X) U W°, where W n was 
defined in the proof of Theorem 11.71 Then the extension of every function in fl&(X) to V n 
is of bounded type. Thus the inclusion i n : X «— ► V n is an H b - ^-extension and thus there 
exist morphisms v n : V n — > Y such that r = v n o i n . If m > n then v m \v n '■ Vn — > Y is a 
morphism and since v n \u = v m\u = t we have by Lemma ll. 101 that v m \v„ = v n- 

Therefore the application v : £b(X) — > Y, u(x) = u n (x) if x G V n , is well defined and is 
a morphism since v\y n is a morphism for every n € N. 

On the other hand, it is clear that we have an ii^-extension morphism from X to Y and 
this gives a morphism from Y to £b(X) which is the inverse of v by Lemma ll. 101 □ 
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A consequence of the previous theorem is the following: in order that the -f^-i^-envelope 
of X exist, it is necessary and sufficient that every function on H b (X) extends to a holo- 
morphic function of bounded type on £b{X). In the next section we will show that this is 
not always the case, so the H^-H^-envelope does not always exist. 

2. Envelopes of open subsets of a Banach space 

In this section we restrict ourselves to open subsets of a Banach space E. In order to 
give a more precise and concrete description of the //^-envelope, we first study when every 
function in Hf,(U) can be extended to some larger open subset of E. We are particularly 
interested in establishing if the extensions are also of bounded type. As a consequence of 
the results in this section, we characterize the -f^-envelope of an open balanced set U in 
terms of the polinomially convex hulls of the [/-bounded sets. We show that in general 
the extensions to the ^-envelope are not of bounded type, answering the question of 
Hirschowitz |12j . Since we have seen that the ^-envelope is contained in the spectrum, 
extensions to the spectrum may also fail to be of bounded type. Also, the same example 
shows that -Hb-.Hb-envelope of a balanced set does not always exist. Bowever, we will see 
that if U is bounded and balanced then the extension is of bounded type and thus the 
^-envelope is also its H b -H b -envelope. 

First we give some definitions: Let U C E be an open set. Let J- he a, set of functions 
defined on U (e.g. Hb(U), Hb(E), or V(E)), and A a [/-bounded set, we denote by its 
.F-hull, that is 

A T = {x G E : |/(x)| < H/ll A for every / G F} 

If U n = {x G U : \\x\\ < n, and d(x, E\U)> £}, then {U n } n is a fundamental sequence of 
[/-bounded sets, and we define the set 

nGN 

Definition 2.1. U is (strongly) ^-convex if A? is U -bounded for every U -bounded set 
AcU. 

Vieira [19] proved that U is "P(£^)-convex if and only if U is Hb(E)-convex (moreover, 
she proved that A-pt E \ = Ajj h t E \ for each bounded set A). If U is balanced then it is also 
equivalent for U to be Hb(U) -convex ([TUJ Proposition 1.5]). 

Inspired by [5], we say that a point x € E is an evaluation for Hb(U) if there is some 
if G M b (U) such that f(x) = tp(f) for every / G H b (E). If H b (E) is dense in H b (U) then 

(p is uniquely determined. In this case it will be denoted by 5 X - The set of all evaluation 

v 

points for Hb(U) will be denoted by U. So we have the following: 
Proposition 2.2. Let T = V(E) or H b (E), then 

(1) U c U c XJ T . 

v ^ 

(2) IfV(E) is dense in H b (U) (for example, ifU is balanced), then U = Up. 

v ^ 

(3) U is J- -convex if and only ifU = U = Up. 
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V 

(4) U is an open subset of it (it (E)). 

Proof. (1) If z ^ Ujr then there exist f n G T such that f n (z) = 1 and ||/n||a„ < h- 

In particular, f n — > in H\,(U), and then ip(f n ) —> for every ^ G Mj(J7). But if 

y € Mf,(U) is such that </?(/) = /(z) for every / € H\,(E) then (p(f n ) = f n {z) = 1 for every 

v 

n G N, which is a contradiction. Therefore, z ^ U. 

(2) If V(E) is dense in Hf,(U) and z € £7^, then there exists n 6 N such that |/(^)| < 

||/||c/ n for every / G Hb(E) and therefore <5 2 is a bounded homomorphism defined on a dense 

v 

subset of H{,(U). Hence we can extend 5 Z to an element of Mf,(U), and then z G f7. 

(3) The "only if" part is a consequence of the definitions and from the first assertion. 

The "if" part follows from |19^ Lemma 1.3]. 

v 

(4) Let x G U, then there exist ip G M&(£7) such that ip(f) = f(x) for every entire 

v 

function of bounded type. Since U C E, ip actually belong to tt^ 1 (E). 

Thus there exists 5 > such that ip y € 7r _1 (£ ; ) for every y G Be(0,5) (see Lemma fl~4l) . 

v _ 

Moreover for every / G H^E), (p y {f) = f(x + y). Therefore, x + y is in U. □ 

Corollary 2.3. Let U be an open balanced subset of a Banach space E. Then U-p is the 
Hh-envelope of U . 

Proof. By Corollary ll.9l we have to show that 5 (Up) is the connected component of 7T" 1 (E) C 
Mb(U) which contains 5(U). The proof of Proposition 12.21 (2) actually shows that S(U-p) C 
Mf,(U). Thus it is contained in tt~ 1 (E). Moreover, by |19} Lemma 1.4], Up is balanced and 
hence connected. 

On the other hand, if z G E\ Up, then for every n G N, there exist functions f n G Hb(E) 
such that ||/n||t/ n < and \ f n (z)\ > 1. Thus f n — > in Hf,(U) and therefore (5 2 cannot be 
a continuous homomorphism. □ 

Thus if U is balanced (in fact, this works whenever polynomials are dense in Hb(U)) 
we can extend holomorphic functions of bounded type on U to Up. By Corollary 11.81 the 
inclusion U > Up is a strong ^-extension. Moreover, it is possible to obtain extensions 
which are of bounded type "on every point" of Up in the following sense. 

Proposition 2.4. Let U be a balanced open set. Then every holomorphic function of 
bounded type on U extend to Up. Moreover for each y G Up, there exist a connected open 
set U y , such that {y} UU C U y C Up and such that every holomorphic function of bounded 
type on U extend to a bounded type function on U y . 

For the proof we will use the following two Lemma's which are similar to results in [8]. 

Lemma 2.5. Suppose that V(E) is dense in Hb(U). Let B be a U -bounded set, y G Bp 

and f G Hf,(U). Denote by f the (holomorphic) extension of f to Up. 

m n dk f(y)n i\d k f(x) n 
Then , ) y 7 < sup ,, '- \\. 
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Proof. Let G P fc (P)' such that < 1. Then g = 4> o belongs to H b {U). Let 
(P n )n C P(P) such that P n — > <? in Hb(U). Then = limP n (y) and since y G -Bp, we 
have that |P n (y)| < ||-P n ||s. Note also that g and <fi o ^—(- are holomorphic functions in Up 
which coincide in U so they are the same function. 

Therefore \<p(^f(y))\ = \g(y)\ < \\g\\B = sup xeB \<t>(^j^-) \ < sup xeB \\^f±\\. Since 
this is true for every G V k (E)' such that \\4>\\ < 1, we conclude that II d ffi^ II < 

\\d k f(x) II i-l 

Lemma 2.6. Suppose that V(E) is dense in H\,{U). Let y € (U n ) v . Then for every 



function f G H b {U) the Taylor series of f at y converges on the ball B B {y, £:)■ Moreover, 
Be{v,^) C U-p and for every \\x\\ < ^, |/(x + y)| < \\f\\u 4n - 

Proof. For every i £ [/„, we have that Be(x, C £/4 n . By the previous Lemma and 
Cauchy inequalities, 

By the Cauchy-Hadamard formula, the Taylor series of / at y converge in B B {y, r), and 
if ||x|| < then 

1 E s E II^IHNI 1 s ll/lk„ E (£«)'( £)' = .11/11*.. 

k=0 k=0 k=Q 

Since this is true for every function in Hf,(U), in particular, for each k G N and each 
polynomial P, we have that WPf^^ = \\P k \\B B < 3 ,,&) < 9\\P k \\u 4n = 9\\f\\^ 4n and 
thus 1 1 -PI 1 5^,-3-) < ll-P||c/ 4n - This implies that B E (y,-^) C {U in ) v C Up. Therefore 
SfcLo d kl^ ( x ) = f(y + x ) anc ^ a similar reasoning allows us conclude that 11/ — 



□ 



Proof, (of Proposition I2.4p The point y belongs to (U n )^-, f° r G N sufficiently large, which 
is balanced by [191 Lemma 1.4], and hence the segment [0, y] is contained in (U n ^„. Let 
U y := (lj*e[0i/] Be(z, ^)\ U U. By the last Lemma U y C C/p and for each / G H^U), 
11/11 2 < ||/||z7 4n < 00. Therefore / is of bounded type on U v . □ 

Remark 2.7. Note that if / G Hb(U), then the extension / to Up belongs to the set 
{g G H(Up) : g is bounded in (U n )p for every n G N}. 

On the other hand, we cannot expect to extend the functions of H b {U) to sets larger 

than U-p (or to points outside Up). Indeed suppose V D U is another connected open set 

such that the inclusion U V is an Pq,-extension. If z G V then 8 Z belongs to M^iU) by 

Corollary 1 1.81 Since for every entire function /, S z (f) = f(z), we conclude that z belongs to 

v v 

U. Therefore functions of bounded type cannot be extended outside U, and neither outside 

Up by Proposition E^l). 
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At this point, it is natural to ask is if the extension to Up must be of bounded type. 
By Corollary 12.31 this is related to the following question made by Hirschowitz in \12\ 
Remarque 1.8]: is the extension of every function of bounded type to its -H^-envelope of 
holomorphy of bounded type? The next example shows that in general the extensions to 
Up are not necessarily in H^U-p), answering both questions by the negative. Moreover, 
since by Theorem 11.91 the ifft-envelope is contained in the spectrum, this also shows that 
canonical extensions to the spectrum are not always of bounded type. We present, inspired 
in Example 7], an open balanced set U C cq and a function in H^U) which cannot be 
extended to a holomorphic function of bounded type on Hf,(Up). 

Example 2.8. There is a subset U C cq and a function g G H&(£7) whose extension to 
^P(co) is n °t °f bounded type. 

Proof. Set E = Co, and for x G cq, let 

j(x) = min{j : |a;2i I = max Ix2i|}. 

Note that j(Xx) = j(x) if A G C \ {0}. We define for k> 4 

p k (x) = \kx 2 k+i + X2j(x) \ + fcsup \x 2 i+i\, 

i^k 

and the sets = {x G cq : pt(x) < 2}. 
Let U be the following balanced set 

fc>4 

where B co denotes the open unit ball of cq. 

We first show that | (^ r n)-p( Co )} ^ s n °t a fundamental sequence of C^p( co ) -bounded sets. 

Fix k > 0. Since Pk(&2k+i — kei m ) = then e2fc+i — ke2 m G Vk for every m G N. Thus 
if ||x|| < |, dist(e 2 k+i - &e 2m + x,c \U) > | and therefore C k := {e 2 k+i - &e 2m + \B CQ : 
m G N} is ?7-bounded. 

We now prove that e2fc+i + x G Upi^ if ||x|| < |. Let P G V{cq) and e > 0. Since finite 
type polynomials are dense in 'P(co), we can take Q G "Pfipo) such that \\P — I(fe— 2)/i <: < ^ 
e/3. Moreover, since Q is of finite type and {e2 m } m is weakly null, there is mo such that if 
m>m Q then \Q(e 2 k+i - ke 2m + x) - Q{e 2 k+i + x)\ < e/3. Thus 

|-P(e2fc+i - ke 2m + x) - P{e 2 k+i + x)\ < \P(e 2 k+i - ke 2m + x) - Q{e 2k +i - ke 2m + x)\ 

+ \Q( e 2k+i - ke 2m + x)- Q(e 2 k+i + x)\ 
+ \Q( e 2k+i +x) - P{e 2 k+i + x)\ < e. 

Therefore 

I^(e2fc+i +x)\< sup \P{e 2k+ i - ke 2m +x)\ < sup \P{y)\, 

meN yeC k 

and then e2k+i + x G Up^ if ||x|| < | and k > 4, which means that D := {e2 n +i : n > 4} 
is U-p( CQ ) -bounded. 
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Suppose that C C U is such that D C CW Co ). We now show that C cannot be U- 
bounded. Since e2n+i € C-p( Co ), we have that |P(e2n+i)| < su Pj/eC l-f (?/)!• I n particular, if 
P = e 2n+1 , this says that 1 < sup ygC < |?/2n+i|- Thus there is a sequence {y n } C C such that 

1 4/251+1 1 ^ 4- 

For each y n there exists k > 4 such that y n 6 + \B Co and thus there is some x n G 
such that \\x n — y n \\ < \. Note that |^2n+ll > §• Actually we have that x ra G t^, indeed, if 

3 + n, 

Pj { X n ) = \jx% +1 +4i(^)| +isup|4 m | > i|^n+ll > | > 2. 

This implies that x n ^Vj. Then 

2 > p n {x n ) > |nx 2n+ i +^2j(a; n )! — Pl^n+ll ~~ \ x 2j(x n ) 1 1 ' 

so we have that 

(4) > 14(^)1 >n\x^ n+1 \-2> --2. 

Therefore ||y n |[ > ||x n || — | > § — 2— |. Since {y n } n C C, this tell us that C is not bounded. 
We have proved that |(^n)-p( CQ )| is n °t a fundamental sequence of J7p( C0 )-bounded sets. 

We now define the function g whose extension to C^p( co ) is not of bounded type. 

Let g n (x) := (|x2 n +i) n , for x G cq. We will prove that {g n }n is a bounded sequence in 
H b {U) but not in H b (U v{co) ). 

Since ffn^n+i) = (f) > {dn}n is not bounded in the U-p/co) -bounded set D, and thus 
{# n } n is not bounded in H b (U v ^ co) ). 

Let A be t7-bounded and take M > such that ||x|| < M — I for all x G A. Let xo G A, 
then xo = y + z with y G for some k > 5 and ||z|| < |. We claim that if n > 2(M + 2) 
then |?/2n+i| < 5- Indeed, if n ^ k, then fc|y2n+i| < 2 and thus |y2n+i| < §■ On the 
other hand, if n = and |j/2n+i| > h, we can apply equation (j3|) to y, which implies that 
\\y\\ > § - 2. But this contradicts the fact that ||y|| < M and n > 2(M + 2). Therefore 

9n{x) = ^(ittn+l + Z2n+l)\ n < + 4))" < 1, 

for every x G A and every n > 2(M + 2). Since sup{|<7 n (x)| : x G A, 1 < n < 2(M + 2)} < 
oo, we conclude that {g n }n is a bounded sequence in H b (U). 
If we take g the function 

nN 

then g belongs to H b (U) but (its extension) does not belong to H b (Up^). □ 

The previous example also shows that the H b -H b -enve\ope of holomorphy does not exist 
in general: 

Corollary 2.9. The H b -H b - envelope of holomorphy does not always exist. 
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Proof. Let U a balanced open set such that there exist / G Hb(U) whose extension to Up, 
f, is not of bounded type (take, for instance, the open subset of Co given in the previous 
example). If the -f^-f^-envelope of U existed, by Theorem 11.111 it should coincide with 
£b{U) = Up. But this is impossible since the extension of / to Up is not of bounded 
type. □ 

Note that the set considered in Example 12.81 is unbounded. For bounded balanced do- 
mains, we see that everything works fine. To prove this we will use the following Lemma 
which states that the polynomial hull of a balanced set coincides with the intersection of 
its homogeneous polynomial hulls. This was noticed, for example, in [18], 

Lemma 2.10. Let V C E be a balanced set. Then Vp = n n ^Vp n , where Vp n = {x G E : 
\P{x)\ < \\P\\a for every f G V( n E)}. 

Proof. We only need to prove that n n ^Vp n C Vp since the other inclusion is clearly true 
for every open set. 

Let z G n n enVp n and let P G V(E) with deg P = k. For n G N we have that P n = Qo + 

hQnfc, with Qj G V( j E). By the Cauchy inequalities, \\Qj\\v < l|P n ||v, thus \P n (z)\ = 

IE£oQi(*)l < Ei=ollQillv < E]tjP n \\v = (nk + l)\\P\ty. Therefore \P(z)\ < (nk + 
l)n||P||v for every n G N, which implies that |P(^)| < ||P||v- D 



Theorem 2.11. Let U C E be a bounded open balanced set, then every function in Hf,(U) 
can be extended to a holomorphic function of bounded type in Up. 

Proof. Let / G Hb(U). By Corollary 12.31 / can be extended to a holomorphic function / on 
Up. We must show that / G Hb(Up). 

Since U is a bounded balanced set, (^jf^)neN is a fundamental system of [/-bounded 
sets. We will prove that ((^+i^)p) neN is a fundamental system of JTp-bounded sets. 
Let A C Up be a [/p-bounded set. Then A C ^±Up for some n G N, so it suffices to 
prove that ^hUp C (^U) p for each n G N. Let x G ^Up, then ^-x G Up. If 
j G N and Qj G V{ S E) then \Qj(^x)\ < \\Qj\\u. Therefore \Q 3 {x)\ < (^) J '||Q i || C7 = 
su Pye(7 |Qj'(^St2/)| = IIQj'll-2-C/ which means that x G (jjjp[U)-p. and by Lemma 12.101 
^{^lU)p- 

We have shown that A C (^fU)-p for some n G N and thus by Remark 12.71 / G 
H b (U v ). □ 

Corollary 2.12. Let U be a bounded open balanced set of the symmetrically regular Banach 
space E. Then Up is the Hb-Hb-envelope ofU. 

We end this section by applying previous results to study ^-domains of holomorphy: 

Corollary 2.13. Let U C E be an bounded open balanced set, then Up is a Hb-domain of 
holomorphy. 

Proof. Note that if z G Up and A is a [/-bounded set such that |<5 Z (/)| < ||/|U for every / 
in Hb{U). Let r < dist(A, U c ), then it can be shown as in [3] that {(5 z ) a : a G E, \\a\\ < 
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r} C M b (U) (note that since we only consider a G E the symmetric regularity of E is not 
needed). But this means that Be{z,v) C U-p. Therefore dist(z, (U-p) c ) > dist(A, U c ). 
Now we can adapt the proof of |10| Proposition 2.4] (together with Theorem l2.11|) . □ 

Next corollary is now an immediate consequence of the previous results. 

Corollary 2.14. Let E be a symmetrically regular Banach space and let U C E be an 

bounded open balanced set. Then U is a H b -domain of holomorphy if and only ifU = Up. 

3. Extending functions of bounded type to open subsets of E" 

In this section we try to extend functions of H b {U) to open sets in E" containing U. We 
would like have a result similar to Proposition ELU where V denotes an open set in E" . First 
of all note that the argument given after Remark 12.71 is no longer true, since the restriction 
map fails to be injective. Therefore it is not clear which is (if there exists) the larger set on 

E" to which we can obtain extensions of bounded type in the sense of Proposition 12. 41 

v 

Let us start by defining the following variation of the set U that allow elements of the 

bidual: 

v 

U" := {z G E" : there is some ip G M h (U) such that ip(f) = f{z) for every / G H b {E)}. 

V V V 

Note that U = U" D E and U" C Tr(M b (U)) for every open set U. Analogously, we define 
for a [/-bounded set A, 

A", = {x" G E" : \AB{f){x")\ < \\f\\ A for every / G V(E)}, 

where AB(f) denotes the Aron-Berner extension of / and let 

% := U 

neN 

^ V 

We can prove as in Proposition 12.21 that if U is balanced then Up = U" . 

Before we go on, let us make clear that we cannot expect U!p to be the largest open 
subset of E" to which functions on H^U) extend. For example, take a nonreflexive Banach 
space E that is complemented in its bidual E" , say E" = E © M. Denote by tte the 
projection to E. Then every function / € H\,(JJ) can be extended to / G H b (U x M) by 
f = f o tte- On the other hand, the Hahn-Banach theorem shows that U!p C jE(coe(U)) . 
Thus, in general we can extend to sets which are larger than XJ'-L. But we can see that 
if Je{U) C W C E" and we consider a continuous homomorphism e : Hb(U) — > H{W) 
such that e(f)(JE(x)) = f{x) for every x G U, f G H\,(U) and which coincides with 
the Aron-Berner extension on polynomials, then W must be a subset of U^. Indeed, if 
z G W \ then there exist /„ G H b (E) such that \AB{f n ){z)\ > 1 and \\f„\\u n < 
Then f n — > in H b (U) and thus AB(f n ) = e(f n ) — > in H b (W), which contradicts the 
fact that \AB(f n )(z)\ > 1. This shows in particular that the Aron-Berner extension does 
not coincide with the composition with a projection tte, at least for bounded sets. And 
this allows us to think of Up as a candidate to be the largest set in which the Aron-Berner 
extension is defined. 
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A continuous homomorphism e : H{,(U) — ► H(W) (W C E") which is an extension (that 
is, e(f)(J E (x)) = f(x) for every / G Hj,(U) and every x £ U) and which coincides with the 
Aron - Berner extension for polynomials will be called an AB -extension homomorphism. 
Note that for us, an ^45-extension is a homomorphism between spaces of holomorphic 
functions, but in the framework of Riemann domains the extensions are morphisms (or 
"yli?-morphisms" in this case) with special properties, so in that context we would say that 
(Je)\u '■ U ~~ * W is an "extension A-B-morphism" . 

Recall Theorem 1.3] that if U is an absolutely convex open subset of then the Aron- 
Berner extension is isometric isomorphism AB : H°°(U) — > H°° (int(U w )). 

Corollary 3.1. Let U C E be an open absolutely convex bounded set. Then U!L = int(U w ). 

Proof. U!L C int(U w ) by the Hahn - Banach theorem. int(U w ) C f/p since by |11| 
Theorem 1.5] there is an AB- extension morphism from U to int(U w ). □ 

Let U C E be an open subset. We want to fix an open subset of E" to which there 
is Aron-Berner extension. Although the following results should be known, we prefer to 
include them for self-containment, to fix notation and because we will use this construction 
in the next section. For x G U we denote r x = dist(x,U c ). Let W C E" be the following 
open set 

W= (J B E „(x,mm{^,l}). 
Note that W is balanced if U is and that W HE = J E (U). 

Proposition 3.2. Let U C E be an open set such that V(E) is dense in H^{U). Then 
there is an AB- extension from H^U) to H^iW). 

Note that by the comments above, W C U!p. Before we prove the proposition we need 
the following 

Lemma 3.3. Let C be a W -bounded set. Then there exists D, U -bounded, such that 

CC |J B E „(x,mm{ r -^,l}). 

xeD 

Proof. Let e = dist(C,W c ) and N = sup{||z|| : z € C}. Define D := {x e U : \\x\\ < 
N + 1, r x > |e} then D is [/-bounded. We must show that C C {J xeE) B E "(x, min{^, 1}). 

Let z G C, and x G U such that z G B E "(x, min{^-, 1}), it suffices to prove that x G D. 

If r x < |e then 

dist(z, W c ) < dist(z, W c n E) < \\z - x\\ + r x < y + r x < e, 

which is a contradiction. Thus r x > |e. 

Moreover, since z G B E n(x,l) and ||z|| < N, we have that ||x|| < N + 1. Therefore 
x G D. □ 
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Proof, (of Proposition E£2J) Define $ : V{E) fl^W} by $(P) = AB(P) ]wr . Let us show 
that it is continuous when we consider on V(E) the topology induced by Hb(U). Take 
C a VF-bounded set and P € V{E). By the previous Lemma there is a [/-bounded set 
D such that C C Uxgd Be"(x, min{^, 1}). Clearly, the set ^4 = Uxgd Pe(x, min{^, f }) 
is [/-bounded and since the Aron - Berner extension is isometric in Be(x, mm{?-f, 1}) for 
every x, we have that 

\MP)\\c < \MP)\L nB , ^ n) = \\p\U < oo. 

Thus $ extends to a continuous homomorphism : Hb(U) — > ^(W) which is clearly an 
j4P-extension. □ 

Proposition 3.4. Let [/ be an open balanced set of a symmetrically regular Banach space 
E, then 

(a) every function in Hj,(U) can be extended to a holomorphic function in and the 
extensions are bounded on the sets (U n ^, for every n € N, 

(b) if U is bounded then there is an AB-extension morphism from H^iU) to H^iUil,). 

Proof, (a) We prove that U!L is the connected component of M^iU) which contains U. 
Indeed, if z 6 U!f> then 5 Z is a bounded homomorphism when restricted to polynomials. 
Since polynomials are dense in Ht,(U) it follows that 8 Z is in Mj,(U). Moreover we can 
easily modify the proof of |19^ Lemma 1.4] to show that U!p is balanced. On the other 
hand if z G E" \ UlL then for each n G N, there is a function /„ E Hb(U) such that 
\AB(f n )(z)\ > \\f n \\ Un and thus 5 Z £ M b (U). 
Therefore, by |10l Proposition 2.3], (a) follows. 

(6) Just adapt the proofs of Lemma 12.101 and Theorem 12.111 □ 

Similarly to Corollary 1 2 . 1 3 1 we can prove the following. 

Corollary 3.5. Let E be a symmetrically regular Banach space. Let U C E be an bounded 
open balanced set, then U!p is a H^- domain of holomorphy. 



4. Density of finite type polymials 

In several complex variables, the holomorphic convexity of U, or U being a domain of 
holomorphy, is equivalent to M^iJJ) = S(U). In our infinite dimensional setting this is not 
the case unless E has very particular properties. We can imprecisely explain this in the 
following way: if E is not reflexive, there are always elements of the bidual in the spectrum, 
so the equality M^U) = S(U) cannot hold. On the other hand, if there are polynomials on 
E that are not weakly continuous on bounded sets, there is much more than evaluations 
in the spectrum [TJ [3], and so M^iU) = S(U) is impossible even if E is reflexive. We will 
formalize this below, refining some results of \19\ 116]. 

In [19], Vieira proved that for reflexive spaces such that every polynomial is approximable 
(i.e., for Tsirelson-like spaces), if U is a balanced iTk(f7)-convex subset, then M{,(U) = S(U). 
We now show that a converse of this theorem is an easy consequence of previous results. 
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Theorem 4.1. Let E be a Tsirelson-like space and U a balanced open subset of E. Then 
U is H b (U)-convex if and only if M b (U) = S(U). 

Proof. The "only if" part is Theorem 2.1. in [19j. 
If M b (U) = 6(U), then 

6{U) c S(U) C 5(U V(E) ) c M b (U) = 5(U). 

Therefore Up/ E ) = U and thus U is H b (U)-convex. □ 

As many of our results, Theorem 14. 1 1 holds for any U such that polynomials are dense in 
H h {U). 

With the same proof of |X6|, Theorem 1.2] we have the following. 

Theorem 4.2. Let U be any balanced H b (U)-convex open subset of a Banach space E such 
that E' has the approximation property. Then E is a Tsirelson-like space if and only if 
M b (U) = 5(U). 

Let us see that, in fact, the statement M b {U) = 5(U) is equivalent to U being H b (U)- 
convex subset of a Tsirelson-like space, thus obtaining an improvement of the previous 
theorem: 

Theorem 4.3. Let U be a balanced open subset of a Banach space E whose dual has the 
approximation property. Then M b (U) = 5(U) if and only if E is a Tsirelson-like space and 
U is H b (U) -convex. 

Proof. One implication follows from Theorem 14.11 For the converse, by the previous the- 
orem, it suffices to prove that U is H b (U)-convex. Since U is balanced this is equivalent 
to prove that U is P-convex ([19, Proposition 1.5]). By Proposition 12.21 (3) we must show 
that U = U-p. Suppose that w G U-p \ U . Since by Corollary 11.81 the morphism U Up is 
a strong ^-extension it follows that 5 W belongs to M b (U). Therefore we cannot have the 
equality M b (U) = S(U). □ 

As the previous theorem states, the equality M b (U) = 6(U) is hard to achieve for domains 
in a Banach space E. This is because in general M b (U) cannot be identified with a subset 
of E. But we know that M b (U) can be projected on E" via tt, so a natural question is the 

following: suppose that U is H b (U)-convex and E reflexive. Is it true that ir(M b (U)) = U? 

v 

And if we drop off the reflexivity assumption, can we obtain something like ir(M b (U)) = U" 
instead? 

Let us see that, if finite polynomials are not dense, there are H b (U)-coiivex subsets U 

v 

for which ir(M b (U)) is larger than U" . In particular, if E is reflexive with the approxima- 
tion property but not Tsirelson-like, there are subsets U C E that are iJ&(C/)-convex but 
Tt(M b (U)) = E. 

Proposition 4.4. Let E be such that E' has the approximation property. The following 

conditions are equivalent: 

(i) finite type polynomials are dense in H b (E), 
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V 

(ii) U" = 7r(Mb(U)) for every open subset U of E, 

v 

(Hi) U" = ir(M b (U)) for every open H b (U)-convex subset U of E. 

If the conditions do not hold, there exists a proper subset U of E which is H b (U)-convex 
but n(M b (U)) d E. 

Proof. Suppose first that finite type polynomials are dense in Hf,(E). If z G ir(M b (U)) 

then there is some <p G M b (U) such that (^(7) = 7(2:) for every 7 G E' . Since finite type 

polynomials are dense in H b (E) and <p is multiplicative, we have that (f(f) = f(z) for every 

_ ' v 

/ G H b (E), where / denotes the Aron-Berner extension of /. Thus z G U". We have proved 

that (i) implies (ii). 

Clearly, (ii) implies (Hi). 

(Hi) (i): we will prove that if there is a n- homogeneous polynomial P which is not 

weakly continuous on bounded sets then we can find an open H b (U)-coiivex set U C i?\{0} 

v 

such that U" (7 E = U but E C ir(M b (U)). 

Take a weakly null bounded net {xj}j g / C Se such that P(xi) > 1 for every i£j. Define 
the set 

U = {x G E : Re(P(x)) > i}. 

For y G E \ U, let /^(x) = 1 _ eP( ^ ) _ P(3;) . Then is holomorphic in U. Moreover, let A 
be a [/-bounded set. Fix 1 £ i C JTr C f7, let t = Re(P(x)) and take a > such that 
Pe(P(ax)) = a n Pe(P(x)) = ^ (which simply means that a = (w)™ < 1)- Since ax does 
not belong to U, we have ||x — ax\\ > and substituting, we get 1 — (7^) " > > jp. 

Therefore, Re(P(x)) = t > Since ( > lj this implies that f y is bounded 

on A, that is, f y G H b (U). 

Thus, if we define for fc G N, f k (x) = ^ =0 e m ™- p W), then {f k } is a bounded 

sequence in H b (U) since it converges to /. Moreover, G H b (E) for every G N and 

v v 

fk(y) = k + l, which means that y £ U. Therefore U" D E = U. 

If x G E, then we can find A > such that the set {x + Ax^} is [/-bounded. Indeed, 

P(x + \ Xi ) = YTx=o (l)X k P(x n - k ,x>y), and then we can find A > such that Re(X n P( Xi )) = 

\ n P( Xi ) > 1 + I Efc=o {l) xk P( xn ~ k i x i)\ for ever y * G J - The n Pe(P(x + Ax*)) > 1 for 
every i G I. Therefore, for y E E\U we have that 

- < \Re(P(x + \x i ))-Re(P(y))\<\P(x + \x i )-P(y)\ 

n-l v V ^Zi 

< ^|P(x n - fc ,y fc ) -P(x n - fc - 1 ,y fe+1 )| < ||x-y||||P||^||x|r- fc - 1 ||y|| fe , 

fc=0 k=0 

and thus, ||x — y|| > (2||P|| X^fc=o llxll™^ -1 ||y|| fc ) _1 , which implies that {x + Axj} is U- 
bounded. 

Then {x + Axj} C Ur for some R > and since {x^} is weakly null, this means that 
x G TJr^"* and, by [5j Proposition 18], x G ir(M b (U)). Therefore E C 7r(M fe ([/)). 
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It remains to prove that U is Hb(U)-convex. For, if A is [/-bounded, we can find as 
before e > such that A C {x G E : Re(P(x)) > \+e], and if y U, then Re(P(y)) < \. 
Therefore if we set f(x) = e~ p ( x \ f G H b (U) and \f(y)\ > > e~2~ e > which 
means that y £ A-p. Thus A-p C U and U is Hf ) (U)-convex. □ 

If finite type polynomials are dense in Hf,(U), then 7r is clearly injective. Therefore, we 
have the following description of the spectrum of Hf,(U): 

Corollary 4.5. a) If finite type polynomials are dense in Ht,(E) and U is balanced, then 
M b (U) = 5{U"). 

v 

b) IfU is a balanced open subset of a Tsirelson-like space, then M\,(U) = 5(U). 
Again, reciprocal statements in the spirit of Theorem 14,31 are also valid. 

We end this section with a Banach-Stone type result. In [191 Theorem 3.1] the following 
was proved: if E and F are reflexive Banach spaces, one of them Tsirelson-like, and U C E, 
V C F are open balanced and "P-convex, then the following conditions are equivalent: 

(1) There exists a bijective mapping g : V — > U such that g S H b (V, U) (g is holomorphic 
and the image under g of ^-bounded sets is [/-bounded) and g^ 1 E H b (U, V). 

(2) The algebras H^U) and H^iV) are topologically isomorphic. 

In that case it follows that E and F are isomorphic Banach spaces. 

In Corollary 22] a similar result was proved for convex balanced open sets when every 
polynomial on E" (or F") is approximable. In that case it follows that E' and F' are 
isomorphic. 

We will slightly improve those results with the following (see below for precise definitions): 

Theorem 4.6. Let E, F be Banach spaces, V C F, U C E open balanced subsets and sup- 
pose that every polynomial on E" is approximable. Let 4> : Hb(U) — > H b {V) be a mapping, 
then the following are equivalent 

If '(f) : Hh(U) — > Hb(y) is a Frechet algebra isomorphism then there exists a biholomorphic 
function g : V" U£, with g E fl™ (Un)'v) and g' 1 G W°{{U n )% both 
locally w*-w* continuous such that (j)f = f o g for every f G Hb(U). 

Conversely, if g is such a function then the operator <fi : H b {U) — ► H b {V) given by 
(f)f = f o g\y is a Frechet algebra isomorphism. 

In that case E' is isomorphic to F'. 

To prove this Theorem we will need some preliminary results. 

Let V C F be a balanced subset. Then by Proposition 13.21 there exists an open set W C 
F" such that every function in / G H^iV) extend to a function / G H^iW). Throughout 
the rest of this section W will denote this subset. 

Lemma 4.7. Let E,F be Banach spaces, V C F an open balanced subset and U C E open. 
Suppose that <f> : Hb(U) — > H^iV) is a continuous and multiplicative operator. Then 
a) the mapping g : W — > E" , defined by g(y") = ir(5 y » o (b) is holomorphic. 
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b) if F is symmetrically regular then the mapping g : Vp — > E" , defined by g{y") = 
ir(5y" o (ft) is holomorphic. 

Proof, a) Denote by 9^ : M^iV) — ► Mt,(U) the restriction of the transpose of (ft. Then g is 

5.0 

just the composition W — > Mf,(V) — > M^iU) — > E" which is well defined by Proposition 
[3721 If we take y" G W and x' 6 E', then g(y")(x') = 8 y »((j)x') = (ftx'{y"). Thus g is weak*- 
holomorphic on W and therefore holomorphic (see for example [144 Exercise 8D]). 

b) By Proposition 13.41 we can define g on V^,. The proof of a) works fine. □ 

For an open set U C E, consider a family of subsets A k C U, k G N, such that \J k A k = U. 
We define: 

H°°{(A k ) k ) = {/ G H(U) : \\f\\ Ak < oo for every k}, 

which is a Frechet algebra with the topology of uniform convergence on the A^'s. If {Ak) k 
form a fundamental system of [/-bounded sets, then we have H.°°{(Ak)k) = Hb(U). Note 
that, if U is balanced, by Propositions 13.21 and 13.41 every function / G Hi{U) can be 
extended to a function / G H 00 ((Ak) k ) , where A k = {UjA'-p H W or A k = (Uk)'-p m case E 
is symmetrically regular. 

Also, if V C F and we have a family of subsets Bj C V such that i?j = V, we define 
the Frechet algebra 

7i°° ((^4fc)fc, (Bj)j) = {/ G H(U,V) : there exists a subsequence (nfc)fc such 

that /(vlfc) C -B nfc for every 

If (^4fc)fc and (Bj)j form a fundamental system of [/-bounded sets and ^-bounded sets 
respectively, then TL°° [{Ak)^, (Bj)j) is simply Hb(U,V). 

Proposition 4.8. Let E, F be Banach spaces, V C F, U C E open balanced subsets 
and suppose that every polynomial on E is approximable. Let <fi : Hj,(U) — > H\,(V) is a 
continuous operator. Then 

a) (ft is multiplicative if and only if there exists a holomorphic function g : W — > U!p, 
g G H^iiB^j, (A fc ) fc ), where A k = (6~ k )'}, and B k = {V k )'^ n W, such that 0/ = / o g for 
every f G H b (U). 

b) if F is symmetrically regular, (ft is multiplicative if and only if there exists a holomor- 
phic function g : V£ -> U!^, g G H°° ({B^j, (A k ) k ) , where A k = (JJ k )'!p and B k = (V k )ip 
such that (ftf = f o g for every f G Hb(U). 

Proof, a) The necessity is immediate. 

For the converse, let g be the mapping defined by Lemma 14.71 a). By Corollary 14.51 t ne 
spectrum Mf,(U) can be identified with U!p, thus g maps W inside Ulp and, for / G Hb(U) 
and y" G W, we have f{g{y")) = <ftf{y") by the definition of g. 

It remains to prove that g G H°°((Bj)j, (A k ) k ). Suppose that for some no G N, g(B no ) 
is not contained in any of the A k s. Thus there exist a sequence (x k ) k = (g(y k )) k C 
g{iy no )'i, n W) such that x' k ' ^ (U k )!L. This means there exist polynomials P k G V{E) such 
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fc-1 

that H-Pfcllt/fc < and Pk(x'l) > k + \Pj{x'l)\. Then J2 Pk converges in H b (U) to a 

_ 3=1 _ 
function /. Thus <j)f G H b (V), so (f>f belongs to H°°((B k ) k ) and ||^/||(^ n yr nW < oo. This 

is a contradiction since \\</>f\\(y no y'nW - 1^/(^)1 = \f(9(y'k))\ = \f( x k)\ > k ~ 1 for ever y 
k. 

b) The same proof as in a) but using Lemma 14.71 b) works. □ 



We will say that a function is locally w* -continuous at a point x' of a dual Banach space if 
there exists a (norm) neighborhood such that the function restricted to this neighborhood 
is ui*-continuous. A function is locally ^-continuous on an open set if it is locally w*- 
continuous at each point of the set. 

Proof, (of Theorem 14. 6p Suppose that <f> is an isomorphism. Let g G TL 00 ((Bj)j, (Ak)k) be 
the application given by Proposition 14.81 a) . and let h : U!L — > F" be the holomorphic map 
obtained in Lemma 14.71 b) using the homomorphism (p^ 1 (note that our hypothesis imply 
that E is symmetrically regular). Then h o g is the composition 

W ^ M b (V) % M b {U) ^U£^ M b (U) V M b (V) ^ F" . 

Since, by Corollary 031 M b (U) = 6(U£), it follows that hog = id w . Thus dh(g(0))odg(0) = 
idpn and therefore F" is isomorphic to a complemented subspace of E" which implies that 
every polynomial on F" is approximable and, in particular, that F is symmetrically regular. 
Thus we can use Proposition ^. 8l fe) and define g in Vp and we have hog = idy„. By Corollary 

5] we have M b (V) = S(Vp), thus g o h = idjj,, which means that h = g^ 1 . By Proposition 

b), g- 1 belongs to H°°{(U n y r , {V n )^)._ 
Moreover, for every x G E, x o g = (px is locally -u;*-continuous since it is locally an 
Aron-Berner extension. Therefore g is locally w*-w* continuous on V . Similarly g^ 1 is 
locally w* — w* continuous. 

Conversely, suppose that g is as above. Define 4>f = f ° g\v f° r / G Hb{U) and iph = 
h o g- 1 ^ for h G H b (V). Then clearly : H b {U) -» fl^V) and r/> : ff 6 (V) -» ff 6 (£/) are 
continuous and multiplicative. We want to prove that ip = 4>~ l - Let / G #&([/)> then 



(5) V ° ^/ = V>(/ °s|v) = / °g\v °9 1 



Note that fog belongs to H°°((-Bj)j) and is locally w*-continuous (since every polynomial 
on E is approximable, the Aron-Berner extension of / is w*-continuous). Thus for each 
z G Vp, applying [21 Lemma 2.1] to fog restricted to a suitable ball implies that jLi^°j?KjO 
is w*-continuous, and therefore by \20\ Theorem 2] we can conclude that - i s m the 

image of the Aron-Berner extension and thus / o g\y = fog. Then we obtain from (|5|) that 
if) o (j)f = f. Similarly, <p o iph = h for h G H b (V). 
It remains to prove that -E" and F' are isomorphic. 
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Differentiating g o g^ 1 at we obtain that E" and F" are isomorphic. Applying [2, 
Lemma 2.1] to y" *— > g(y")(x') restricted to a suitable ball, we obtain that the differential of 
g at any point is w*-w*-continuous (and analogously for <7 _1 ). Therefore, the isomorphism 
between E" and F" is the transpose of an isomorphism between F' and E' . □ 

If .F is complemented in its bidual (for example, if F is a dual space) the previous theorem 
holds if every polynomial on E (and not necessarily on E") is approximable. Indeed we 
obtain as in the proof of the theorem that F" is isomorphic to a complemented subspace 
of E" , and there we can easily prove that F is isomorphic to a complemented subspace of 
E. We can then conclude the theorem with the same proof. 

We also have: 

Corollary 4.9. Let E, F be Banach spaces, one of them Tsirelson-like; V C F, XJ C 
E open balanced and bounded subsets. Then (ft : H b (U) — > H b (V) is a Frechet algebra 
isomorphism if and only if there exists a biholomorphic function g E H b (Vp, Up) such that 
g^ 1 E H b (Up, Vp) the operator <ftf = f ° g for every f E H b (U). 
In that case E and F are isomorphic Banach spaces. 

The Tsirelson-James space TJ is not reflexive (it is not a Tsirelson-like space) but satisfies 
the conditions of Theorem 14.61 by Lemma 19]. 

5. On the Spectrum of H b (U) 

A consequence of Example 12.81 is that the canonical extension of a function in H b (U) 
is not necessarily of bounded type on the spectrum. The following proposition gives an 
equivalent condition for these extensions to be of bounded type (this should be compared 
to [IQJ Proposition 2.5]): 

Proposition 5.1. Let U be an open set of a simmetrically regular Banach space E. Then 
every function f E H b (U) extends to a function f of bounded type on M b (U) if and only 
if given any M b (U)-bounded set B there exists a U -bounded set D such that <p -< D for all 
if E B. 

Proof. We have a well defined extension morphism 

e: H b {U) -> H b {M b (U)) 
f » f- 

Suppose that f n -> in H b (U) and that /„ -> g in H b (M b (U)). Let p E M b (U), then 
we have that g(^p) = lim/ n (<£>) = lim <p{f n ) = 0. By the Closed Graph Theorem e is 
continuous. This means that given a M b (U) -bounded set B there exists a [/-bounded set D 
and a constant c > such that < c||/||d for every function / E H b (U). In particular, 

if (p E B then |^(/)| < c||/||d for every / E H b (U). Since (p is multiplicative, we conclude 
that ip -< D. 

For the converse, let B be a M;,(C7)-bounded set and D such that if (p E B then <p -< D. 
Then |/(^)| = |v?(/)| < and therefore ||/|| B < \\f\\ D < oo. □ 
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(6) 



In [3] the following inequality was implicitly shown: 
) sup {dist(A, U c ) : ip -< ^4} < dist Mb ^u^(p). 



If for some U we have equality or at least a reverse inequality with some constant, then 
extensions to Mf,(U) would be of bounded type, as a consequence of the previous propo- 
sition. We do not know of many examples in which extensions to Mf,(U) are of bounded 
type. One such example is if U is balanced and bounded and on a Tsirelson-like space then 
by Corollary 12.121 the extensions to M\,(U) are of bounded type. When U = E and finite 
type polynomials are dense in V(E), we have that M^E) = E" . Thus the extension to 
the spectrum is the Aron-Berner extension, which is of bounded type. Moreover, if E is 
any symmetrically regular Banach spaces, it was shown in [9J Proposition 6.30] that the 
extension to the spectrum is of bounded type on each sheet of the spectrum. We now show 
that this does not imply that the extension to the spectrum is of bounded type on the whole 
Riemann domain. 

Proposition 5.2. Let E be a symmetrically regular Banach space such that there exists a 
continuous polynomial on E which is not weakly continuous on bounded sets. Then there 
exists a homogeneous polynomial whose extension to the spectrum Mb(E) is not of bounded 
type. 

Proof. We may suppose that P is n-homogeneous whose restriction to a ball is not weakly 
continuous at 0. Let (x a ) Qg A be a weakly null bounded net and e > such that |P(z a )| > e 
for every a G A. Take a filter base on A, B = {a G T : a > ao}a eA and let T be an 
ultrafilter such that B C Y. For each k G N, define <Pk(f) = hmp f(kx a ), for / G H^E). 
Then (p^ is in Mf,(E). Moreover <Pk(x') = for every x' G E' and thus Tr((pk) = for 
every k. This implies that the set C = {(fk ■ k G N} is M{,(.E)-bounded. But, |P(^)| = 
\ipk(P)\ = | limp P(kx a )\ > k n e and therefore ||P||c = °°; that is, P is not of bounded type 



For the general case, recall that the open set in Example 12.81 was neither bounded nor 
convex, so one might ask if for the unit ball of a symmetrically regular Banach space things 
are easier. We do not know if in this case extensions to the spectrum are of bounded type, 
but we can answer for the negative the question on the reverse inequality in (|6|): fixed 
1 < p < oo, there cannot be a constant c > such that sup < dist(A, Bf ) : ip -< A > > 



c dist Mb(B( , p) (ip) for every tp G M b (B ip ). 

For the following proposition, recall [3] that, for <p G M{,(B£ ), with 1 < p < oo (for p = 1 
we lose the symmetric regularity) and if < r < 1 is such that <p -< rB^ v then for each 
z G £ p with ||z|| < j-^, we can define 



It is shown in [3j Section 2] that <p z (f) belongs to M^B^). Moreover, the different mappings 
of the form z i— > p z give the local section of ir that defines the analytic structure of M b {Bi ). 



on M h (E). 



□ 
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In fact, inequality ([6]) is a consequence of this: since p z (f) is denned whenever ||z|| < jzr, 
we have distM b (B tp )( l p) — jhp> which is precisely the distance from rBi p to £ p \ Bi p . 

In the sequel, for p G Mf,(U) we define S(p), the sheet of (p, as the connected component 
of Mf,(U) that contains (p. 

Proposition 5.3. If I < p < oo, then 

sup \dist(A, Bj ) : <p -< A) 

inf l — P — >- = 0. 

veM b (B ep ) dist Mb ( Btp) {ip) 

In other words, there is no reverse inequality in |2j). 

Proof. Set U = Bg p . Let T be an ultrafilter on N containing all the sets of the form 
{n, n + 1, n + 2, . . . } and define ip t G M b (U) by ip t (f) = lim r /(^), with f > 1. 

Take z£< p with ||z|| < (l — {j) p )^ ■ Then there is some r > 1 and no G N such that the 
set A = {sz + ; n G N, n > no, |s| = r} is [/-bounded. By the Cauchy inequality, 



Therefore, 



d f / e n w \ 



<isu P |/(^+^)i<i|i/m. 

r ft | s | =r t r k 



fc=0 



< 



l/ll 



We have shown that <pf G M b (U). Hence 7r(S((p t )) D (l — (|) p ) P -E^ p and dist Mb rm((p t ) > 
(l-(i^)i 

If r < j and yl C ri?£ p , take a natural number m > p and define = I t m I . 

Then pt(9N) = 1 for every iV G N, but ||5jv|U < ||<7iv||f\B< < (tr)^ — ► as N — > oo. Thus 



y>t 7^: A Finally, since clearly pt we have that sup {disi^, C/ c ) : ^ -< ^4} = 1 — j. 

sup \dist(A, Bf ) : ip t ^ a\ 

Therefore lim — — = and the result follows. □ 

t-»i+ dist Mb ( B )((pt) 



In the proof of the previous proposition we have shown that ir(S(tpt)) D (l — (j) p ) p i?£ p . 
If p G N, Proposition 15.41 below show that we have moreover an equality: ir(S(pt)) = 

(l-(l) P )"^ P - 

This means that for any ip G M b {Bi p ) defined as in the Proposition, the sheet of p is 
an analytic copy (via ir) of a ball centered at 0. It can be seen that for a convex and 
balanced open subset U of a symmetrically regular Banach space E, n(Mb(U)) coincides 
with int(U w ) (see, for example, [5j Lemma 20]). The previous example shows that for 
U the unit ball of i p , some sheets are projected into proper subsets of int(U w ) = U. 
Therefore, M b {B^ p ) cannot be seen as a union of disjoint copies of Bi p , as one might have 
thought from the case U = E, where M b (E) is a disjoint union of analytic copies of E" . 
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We now show that if we restrict ourselves to a distinguished part of the spectrum of B £p , 
with p a natural number greater than 1, then the extension of the functions in H^B^) is 
of bounded type. 

Take any block basis (x n ) ng N in the unit ball of £ p with \\x n \\ — > r G (0, 1) and consider, 
as usual, an ultrafilter T on N containing all the sets of the form {n, n + 1, n + 2, . . . }. Let 
ip G M b (B £p ) given by 

(7) ¥>(/)= ton /(x n ), 

for / € Hb(Bi p ). Note that, since block bases are weakly null, we have 99 G 7r (0). 
Let us define the following subdomain of Mb(Be): 

M${B lp ) = (J Sfa). 

y given by 

Note that all adherent points of the sequence (Ste n ) n (0 < £ < 1) belong to M®(Bi ), so the 
number of connected components of M®(B£ p ) has at least the cardinality of /?N. Moreover, 
it is not clear that there are morphisms in M^Bg ) that are not in M®(B? p ) (though to assert 
such a thing one should be able to prove of a really strong Corona theorem for Hb(Bg )). 
One might argue that morphisms in M b (Bi p ) can be built with sequences that are not 
blocks or with nets, but it is not clear that those cannot have an alternative representation 
as in (|7|). Anyway M^{B £p ) is a relatively large part of Mb(B£ p ), where "relatively" should 
be understood as "up to our knowledge" . 

Note also that if we consider bounded type entire functions on £ p , then a slight modifica- 
tion of Proposition 15.21 may be used to prove that there exists a homogeneous polynomial 
whose extension to the distinguished spectrum of Hb(£ p ) is not of bounded type. 

Let us first describe the sheet of a homomorphism in M®(Bj> p ). 

Proposition 5.4. Let p be a natural number greater than 1 and let (p G M\,{Bi p )be given 
as in 0. Then n(S(tp)) = (1 - rP)pB £p . 

Proof. Take z G i v with \z\ < (l — r p )p. Since (x n ) n is a block sequence with respect 

to (ejfc)fe, then, for some no, A = {z + x n : n G N, n > no} is [/-bounded. Since (p z (f) = 

1 

limr f(x n + z), we have tp z -< A and thus ip z G M h {B^ p ). Hence ir(S(tp)) D (l - (r) p )pBi p . 

For the reverse inclusion let ||z|| > (l — r p )p. Let C C and (j n ) C N an increasing 
sequence such that x n = Y^k=j n +i a k e k- 

Then for some 5 > 0, \\z\\ p + r p > 1 + 5 and since ||x n || — > r, there exists M G N such 
that for every n > M, \\z\\ + ||x n || > 1 + 5 and moreover such that 



M jn+l 

^2\z k \ p + J2 \ a k + Zk\ P + Yl 

k=l k=j n +l k>M 



p 



> l + S. 



Let us define Jn(x) = ( YlT=i®kX p k \ , where \9k\ = 1 and Ok^ = \zk\ p if 1 < k < M, 
Qk{zk + otkY = \zk + ctk\ p for every j n + 1 < k < j n +i and n > M, and 9k = 1 otherwise. 
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Then since ||/jv||t/ < 1 f° r every N, {/n ■ N € N} is a bounded sequence in Hi{B^ ) and 
for every n > M, 

M jn+l 

\f N (z + x n )\ = I ^2 \z k \ p + ^2 \ak + Zk\ P + ^2 z l 

k=l k=j„ + l k>M 

fc0{jn+l,---,J„+i} 

Since /at is a polynomial, ¥? 2 (/at) = linir/jvO 2 + x n ). Therefore \ip z (fjy)\ = hmr I/jvCs + 
Sn)| > (1 + which implies that <p z <£ M b {B tp ). Thus (1 - r p )pB Ep C n(S(tp)) C 
(1 — r p )p Be, but since it must be open, we conclude that n(S(ip)) = (1 — r p )p B^ . □ 

Our distinguished spectrum M®(Bi p ) is an open subset of Mb(Bi p ), since it is the union 
of some connected components of Mf,(B£ p ). Thus M^{B^ p ) is a Riemann domain over £ p 
and every function / € Hb(B£ p ) extends to a holomorphic function / on M^{B^ p ). We now 
show that this extension is of bounded type. 

Proposition 5.5. If p be a natural number greater than 1, for any f € H b {Bn p ), its 
extension f to M^{B^ p ) is of bounded type. 

Proof. Let e > and take the M°(S^ p )-bounded set A = {<p € M^(B ip ) : dist M o, Bt ) > e}. 

i p 

By Proposition 15,41 A only intersects the sheets such that n(S((p)) = (1 — r p )pBi p with 

(1 - r p)p > £ . Let if £ A such that n(tp) = 0, then 4(1%) = {(p z : \\z\\ < (1 -r p )p - e}. 

Thus there exists 5 > such that ||z|| p + r p < 1 — 5 for every c^ 2 £ A. 

Let 99 G A, ^(99) = 0, and let (x n ) n and T be a block sequence and an ultrafilter defining 

ip (that is, </?(/) = limp f(x n )). Since ||x n || — > r, ||z|| p + ||£ n || p < 1 — J if n is big enough. 

Moreover, there is no € N such that \\z + x n \\ p < 1 — 5 for every n > uq since (x n ) n is a 

i 

block sequence. Then {x n + z : n > no} is contained in the [/-bounded set (1 — 8)p Bi p and 
<P Z -< (1-5)1^. 

Therefore ||/|| A = sup 0eA |0(/)| < ||/|| i < oo. □ 

(l-d)PBe p 

Note that Proposition 15.31 can be restated with the infimum taken for ip € M®(Bi p ), since 
the homomorphisms that were used in the proof were defined by constant multiples of the 
canonical basis. As a consequence, there is no reverse inequality in © even if we restrict 
ourselves to M®(B( p ). Therefore, the absence of such a reverse inequality should not be 
thought as an impediment for the extensions to the whole spectrum to be of bounded type. 
This means that, if there are extensions to M\,(Bi ) that fail to be of bounded type, the 
proof of this fact will probably not be based on the absence of this reverse inequality. 

Since by Proposition 15.41 the connected components of M®(Bg p ) are balls, we have the 
following corollary (which could also be deduced from the previous proposition): 

Corollary 5.6. If p be a natural number greater than 1, then M®{Bi p ) is an H^-domain 
of holomorphy. 
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